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SUMMARY

This paper investigates the accuracy and convergence of frequency-domain (FD) TLM solutions and
describes a method to identify non-physical solutions. The numerical dispersion characteristics of various
discretization schemes (‘nodes’) are compared. The occurrence of non-physical solutions when solving
three-dimensional problems is discussed and a method to identify the non-physical solutions is described.
The accuracy of the FDTLM method is shown to be of second order as long as singularities are absent,
whereas it is between first and second order if the computational domain includes field singularities.
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1. INTRODUCTION

The idea of the transmission line matrix (TLM) method dates back to the 1940s, when Kron
[1,2] described how a waveguide cavity was modelled by a transmission line network, which was
actually built and voltages were physically measured, allowing to conclude about the
electromagnetic fields in the original problem. This approach fell into oblivion until digital
computers became widely available [3,4]. With the development of the so-called symmetrical
condensed node (SCN) in 1987 [5], TLM became relevant for practitioners. The principles of the
frequency-domain TLM (FDTLM) method were published first in 1992 [6,7]. Another
frequency-domain approach is the so-called method of minimal autonomous blocks (MAB).
This method is similar to a large extend to the FDTLM method, except that the transmission
line equivalence is not used. It employs an original notation and the TLM similarity was never
mentioned in the literature [8,9].

Various discretization schemes (‘nodes’) have been developed for time-domain TLM [10] as
well as for frequency-domain TLM [6,7,11–13]. In the present paper, the accuracy, or numerical
dispersion, of the FDTLM nodes will be compared and the respective worst case errors will be
partly presented in analytical form, thus making a comparison easy and clear.
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Another problem which has been reported for time-domain TLM is the occurrence of
spurious solutions. It will be shown below, that non-physical solutions also occur in FDTLM
solutions, namely for cavity resonances and waveguide eigensolutions. A method is presented
which allows to find out whether a solution is actually physical or not.

Finally, the present paper will show that the FDTLM solution accuracy indeed converges
with second order, as long as the computational domain does not include singularities. If it does,
the accuracy will degrade to first order, depending on the problem.

2. DERIVATION OF NODE SCATTERING MATRICES

Various discretization schemes of Maxwell’s equations following the approach of the SNM [5]
have been developed in the past for both TLM and FDTLM. A conclusive derivation of the
different node scattering matrices starts with obtaining the constitutive equations of any TLM
node from power conservation laws [14], keeping time synchronism if necessary and enforcing
Maxwell’s equations. The latter is based on a mapping between field components and link-line
voltage waves, followed by central differencing of the field components [10]. In a frequency
domain formulation of TLM, stubs are avoided, and time synchronism between voltage waves
travelling in different directions is not necessary. Thus, FDTLM has degrees of freedom to
define the impedances and propagation constants on the link-lines. This choice differs for the
various proposed schemes, such as the following:

* The characteristic admittance node (CAN) sets all link-line impedances equal to the
impedance of the medium and derives the link-line propagation constants accordingly
[6,7].

* The propagation constant node (PCN) sets all link-line propagation constants equal to
half the propagation constant of a plane wave in the medium and derives the link-line
impedances accordingly [11,12].

* The finite difference node (FDN) avoids link-lines completely, resulting in a
discretization scheme similar to those of the finite difference frequency-domain method
[13].

As a result, the node scattering matrix of the SCN of size 12� 12 is obtained, which relates the
vector of incident voltages, ðV incÞ; and the vector of reflected voltages, ðV ref Þ; as

ðV ref Þ ¼ ½S� � ðV incÞ ð1Þ

For a practical problem, many SCN are combined in a block-diagonal matrix ½S�; and the
voltage vectors are simply concatenated.

3. PLANE WAVE DISPERSION

If a plane-wave propagates through a homogeneous medium which is modelled with a mesh of
nodes, the numerical wavenumber knum will usually differ from the physical wavenumber k; a
phenomenon described as numerical dispersion. If the medium is modelled using a periodic mesh
of nodes, then only one mesh cell must be taken into consideration. In the following, the
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numerical dispersion characteristics of the three aforementioned discretization schemes (CAN,
PCN, FDN) are evaluated.

The numerical dispersion characteristics of the CAN scheme were analysed previously [15,16].
However, these investigations were limited to plane-wave propagation in loss-free medium and
in the yz-plane of the co-ordinate system only.

In the following, the homogeneous medium is considered to be isotropic and characterized by
its (complex) permittivity and permeability. The plane wave is characterized by the wavenumber
and the direction of propagation. All field components are known at the boundaries of the node
cell. By using the mapping between the fields of the plane wave and the voltage waves of the
SCN at the node boundaries, a matrix ½T � can be found such that

ðV incÞ ¼ ½T � � ðV ref Þ ð2Þ

Hereby, the matrix ½T � depends on the wavenumber k of the plane wave. The vectors of
incident and reflected voltages have to respect both Equations (1) and (2) at the same time. This
is only possible if the node scattering matrix ½S� in Equation (1) uses a wavenumber knum which
differs slightly from k: The numerical wavenumber knum is found from

detf½S� � ½T � � ½U �g ¼ 0 ð3Þ

with the unit matrix ½U �: The numerical dispersion error can be equated as

error ¼
k � knum

k

����
���� � 100% ð4Þ

3.1. Cubic node shape and loss-free material

For cubic node shape (cube size Dx), CAN and PCN, are identical and show zero error in axis
direction and the maximum error in the direction of the space diagonal ðj ¼ 458; y ¼ 54:78 in
spherical co-ordinates). The analytical solution for the worst case error is found as

knumDx ¼ arccos
1

4
þ

3

4
cos

2ffiffiffi
3

p kDx

 ! !
ð5Þ

For small node cells, this simplifies to

knumDx ¼ kDx 1�
1

72
ðkDxÞ2

� �
ð6Þ

The finite difference node FDN shows minimum error in space diagonal direction and
maximum error in axis direction (this behaviour is common for FDTD schemes). The analytical
solutions for the dispersion error of cubic FDN is found as

knumDx ¼ 2 kDx�
ffiffiffi
q

p
tan

kDx
2
ffiffiffi
q

p
 ! !

ð7Þ

for plane-wave propagation in axis direction ðq ¼ 1Þ; co-ordinate plane diagonal direction ðq ¼
2Þ; and space diagonal direction ðq ¼ 3Þ; respectively. This simplifies for small node cells to

knumDx ¼ kDx 1�
1

12q
ðkDxÞ2

� �
ð8Þ
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Note that the worst case error for CAN and PCN is only about half the best error of FDN
and about one-sixth of the worst case error of FDN. Figure 1 shows this behaviour as a function
of the node cell size.

3.2. Non-cubic node shape and loss-free material

The accuracy of the discretization schemes decreases as the node cell shape deviates from the
cubic form. The error distribution shows a strong dependence on the direction of the incident
plane wave, and as a general rule, the worst case errors grow strongly. Note that the nodes CAN
and PCN produce now different results. Furthermore, CAN is dispersionless for propagation in
co-ordinate axis direction as long as the node cell cross-section perpendicular to this axis is
square. In general, the PCN produces much smaller errors than CAN and FDN. This is
illustrated by Table I, showing the dispersion error ranges for nodes of different aspect ratio,
keeping the node volume constant.

3.3. Cubic node shape and lossy material

A plane wave propagating through an homogeneous, lossy medium (permittivity er;
conductivity s) will be affected both in phase and magnitude by errors introduced by the
numerical scheme. These errors will add to the errors due to node cell shape and size.

Figure 1. Numerical dispersion error for CAN/PCN and FDN for cubic node geometry of variable size up
to l=2 (f ¼ 3 GHz; air, l0 ¼ 100 mm). Solid lines: exact analytical formulas. Dashed lines: approximate

formulas for small node cells.

Table I. Numerical dispersion error ranges for different discretization schemes (CAN, PCN,
FDN) for different node aspect ratios (node volume kept constant) modelling plane-wave

propagation in loss-less medium.

CAN (%) PCN (%) FDN (%)

Dx: Dy: Dz ¼ 1 : 1 : 1; Dz ¼ l=20 0–0.14 0.28–0.83
Dx: Dy: Dz ¼ 1 : 1 : 2; Dz ¼ l=12:6 0–0.79 0–0.19 0.23–2.13
Dx: Dy: Dz ¼ 1 : 2 : 4; Dz ¼ l=10 0.23–5.47 0–0.35 0.16–3.43
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Consider the following illustrative case: a cubic node cell of size 5 mm; filled with a material
having er ¼ 2:2; at f ¼ 3 GHz: As before, FDN shows the smallest error in space diagonal
direction and the worst-case error in axis direction. PCN and CAN are identical, having no
error in axis direction and the worst case error in space diagonal direction. Figure 2 shows the
error ranges in function of the conductivity of the material. As it was the case for the loss-free
material, the error in magnitude of FDN is about 2–6 times larger than the worst case error of
PCN and CAN. Furthermore, the error in magnitude of the wavenumber k is very small for
commonly used low-loss dielectric materials, but it grows approximately with a power law and
becomes significant for larger conductivity (s >� 0:1 S=m is common for, e.g. many biological
materials). The phase error is almost unaffected by a small conductivity. However, it shows an
interesting zero at higher conductivity. At this point, the plane wave propagates without phase
error through the mesh in any direction. The dispersion zero occurs at a conductivity given
approximately by s � o e0 er: This equation holds exactly as if Dx ! 0:

4. MATRIX ALGORITHMS FOR MICROWAVE CIRCUIT PROBLEMS

In the following, matrix algorithms are briefly presented for the treatment of problems
appearing during the analysis of microwave circuit structures, such as resonance frequencies of a
cavity resonator, cut-off frequencies and eigenmodes of a waveguide, and scattering parameters
of a three-dimensional structure. The appearance of spurious solutions and the convergence
behaviour of these algorithms will be discussed in subsequent paragraphs.

4.1. Cavity resonance frequency

The scattering matrices of all nodes of the computational domain can be put together in a block-
diagonal matrix ½S�; each row and column of which containing between 4 and 6 non-zero
complex entries. Then, Equation (1) holds for the entire computational domain. The connection
between the link-lines of all nodes of the computational domain as well as the connection to

Figure 2. Numerical dispersion error for CAN/PCN and FDN for a cubic node of Dx ¼ 5 mm; er ¼ 2:2;
f ¼ 3 GHz: Solid lines: phase error. Dashed lines: magnitude error over a distance of l ¼ 67:4 mm: Note

that the minimum magnitude and phase errors for PCN/CAN are zero (in axis direction).
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boundaries can be described with a very sparse connection matrix ½C� as

ðV incÞ ¼ ½C� � ðV ref Þ ð9Þ

For a resonator at resonance, Equations (1) and (9) are combined to give

Detf½U � � ½S� � ½C�g ¼ Detf½S� � ½C��1g ¼ 0 ð10Þ

where ½U � denotes the unit matrix. The search of a singularity in Equation (10) while varying the
frequency is rather involved if ½S� is large. By simply calculating the determinant for various
frequencies, a very small frequency step may become necessary in order to prevent missing a
root. Alternatively, the singularity can also be found by searching a zero of the smallest singular
value. The so-called singular value decomposition (SVD) of a matrix is computationally more
expensive than the calculation of the determinant, but the frequency-dependence of the smallest
singular values is rather nice and allows for the application of efficient root-searching
algorithms.

4.2. Waveguide mode cut-off frequency

The calculation of the cut-off frequency of a mode in a waveguide is a resonance problem [17].
Hereby, the waveguide is considered to be homogeneous in propagation direction. At cut-off,
the wave resonates in the transverse plane. Thus, the computational domain can be a one node
thick transverse slice. At cut-off, all modes degenerate to be either of type TE (no electric field in
waveguide direction) or TM (no magnetic field in waveguide direction). For the case of TE-cut-
off, a magnetic wall boundary condition limits the computational domain in the transverse
planes, whereas for the case of TE-cut-off, perfect electric conductor boundary conditions are
applied. The cut-off frequencies are then given by Equation (10) and are found using a zero
search algorithm.

4.3. Waveguide mode propagation constant

In order to find eigensolutions (propagation constant, field distribution) of waveguides at a
given frequency, periodic boundary conditions (Floquet conditions) are enforced onto a one
node thick transverse slice. The scattering matrix of the computational domain is then converted
into an ABCD matrix (works best via scattering transfer matrix ½T �), from which the
eigensolutions are found [7,8]. This procedure includes two inversions of square matrices of size
4Nnode; one inversion of a matrix of size 2Nnode; and the solution of a standard eigenvalue
problem involving a matrix of size 2Nnode (Nnode is the number of SCN in the computational
domain).

4.4. Scattering parameters of three-dimensional structures

Given a three-dimensional microwave circuit with port boundaries connected to semi-infinite
waveguides, the analysis of this structure can be divided into three steps: (i) calculation of the
eigenmodes of the waveguides at the ports, (ii) calculation of the field distribution inside the
computational domain and (iii) expansion of the field distributions at the port planes in terms of
waveguide eigenmodes and derivation of scattering parameters. The second step is
computationally the most expensive as it involves the decomposition of a large, sparse matrix
composed of all node scattering matrices. Instead, the computational domain can be divided in
subdomains, which will result in several inversions of small, dense matrices instead. Note that
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the algorithm allows the connected waveguides being outside the computational domain, and
higher order modes as well as evanescent modes are automatically taken into account by the
eigenmode expansion of the waveguide described above [7].

5. NON-PHYSICAL SOLUTIONS

Spurious or non-physical solutions appear in TLM solutions due to the fact that the
electromagnetic fields are sampled twice in space, or, in other words, the underlying mapping
between fields and link line voltage waves results in an equation system which is overdetermined
by a factor of two. This problem can be overcome by special measures such as the ATLM
scheme [18]. The occurrence and treatment of non-physical solutions in FDTLM is discussed
below.

5.1. Non-physical resonance modes

For a given physical resonance mode, Equation (10) yields two singularities. These two
solutions are usually slightly different from each other as a result of numerical dispersion. They
can, however, also occur at the same frequency giving rise to a double root in Equation (11). In
order to determine which singularity actually corresponds to a physically meaningful resonance
mode, the field distributions and thus the eigenvectors have to be calculated, e.g. from

f½U � � ½S� � ½C�gðV ref Þ ¼ 0; ðfrequency at the singularityÞ ð11Þ

The electromagnetic fields are then readily calculated from ðV ref Þ:
The test whether the fields are physically meaningful is done locally, that is, for each node

separately. For a simple test, the field components, which are known from ðV incÞ and ðV ref Þ at
the boundary of a SCN, must be transformed to the node centre by applying the propagation
constants of the respective link-lines. Then, each field component is related to two pairs of
complex values in the node centre. For example, Ex is given by the voltages on the y-directed, x-
polarized link-lines (this gives one pair of complex values in the node centre) and by the voltages
on the z-directed, x-polarized link-lines (this gives the second pair). For a physical field solution,
the phases of a given pair of values are always identical, whereas for a non-physical solution,
they usually differ by 1808:

An additional difficulty arises if the resonance frequencies of physical and non-physical
solutions are (almost) identical. Then, none of the two eigenvectors gives a meaningful field
distribution. However, there exists always a linear superposition of the two eigenvectors which
does represent a physical solution. The weighting coefficient of the superposition is found by
enforcing (in one node) the phases of the corresponding voltages to be equal. In the frame of
numerical accuracy, all field components of all nodes will give the same weighting factor. The
superposed field is a physical solution as it can be verified by the test described above.

As resonators can have physically degenerate resonances (two or more different resonance
modes having the same resonance frequency), the numerical solution can give twice as many
degenerate eigensolutions. Again, a suitable superposition of all these eigenvectors gives the
correct number of orthogonal, physical eigensolutions. In general, however, physically
degenerated resonances will have numerically distinct resonance frequencies if a graded mesh
is used, because of the numerical anisotropy introduced by the graded mesh.
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To give an example, consider a cubic cavity resonator of size ð40 mmÞ3 which is meshed with
4� 4� 4 nodes. This cavity has a three-fold physical resonance at 5:30 GHz: By using cubic
nodes of identical shape, a six-fold singularity is found at f ¼ 5:23 GHz: If a graded mesh is
used, however, the singularities will appear at slightly different frequencies because of the
numerical anisotropy introduced by the graded mesh. Suppose the following node dimensions

* in x-direction: 8:5 mm; 9:5 mm; 10:5 mm; 11:5 mm;
* in y-direction: 7:75 mm; 9:25 mm; 10:75 mm; 12:25 mm;
* in z-direction: 7 mm; 9 mm; 11 mm; 13 mm:

A frequency sweep yields six distinct singularities around 5:3 GHz as shown in Table II. The
eigensolutions are tested for physical relevance using the phase-test described above. Note that
in this case, the physical solutions have three non-zero field components only. The phase-test
should be applied to non-zero field components only.

5.2. Non-physical eigensolutions

The waveguide eigenmode algorithm described above results in physical as well as non-physical
solutions. Both classes of solutions can be propagating (carrying real power) as well as
evanescent (carrying imaginary power). It is therefore important to know how to recognize a
non-physical mode and to find out whether non-physical modes affect the solution of three-
dimensional scattering parameter problems.

Consider the rectangular waveguide cross-section shown in Figure 3, discretized with four
identical cubic SCN (CAN/PCN). A magnetic wall symmetry plane can be applied. Although
the cut-off frequencies of the TEn0 modes are calculated exactly (no dispersion in x-axis
direction), at other frequencies but cut-off, numerical dispersion will result in an error in the
propagation constants.

Having two nodes (and a magnetic wall symmetry plane) in the computational domain, the
two-dimensional eigenvalue problem results in the following four eigenvalues (propagation
constants)

gI ¼ aI þ jbI ¼
1

D
arcoshð3þ 2

ffiffiffi
2

p
þ 2ð

ffiffiffi
2

p
þ 2Þ cosðDk0ÞÞ ð12Þ

gII ¼ aII þ jbII ¼
1

D
arcoshð3� 2

ffiffiffi
2

p
� 2ð

ffiffiffi
2

p
� 2Þ cosðDk0ÞÞ ð13Þ

Table II. Fundamental resonance frequencies of a cubic resonator obtained by a graded mesh
and the distinction between physical and non-physical solutions.

Resonance frequency (MHz) Error in frequency (%) Physical solution or not?

4978.5 �6:1 Non-physical
5049.5 �4:7 Non-physical
5127.5 �3:2 Non-physical
5222.74 �1:4 Physical, Ex ¼ Ey ¼ 0
5224.02 �1:4 Physical, Ex ¼ Ez ¼ 0
5224.93 �1:4 Physical, Ey ¼ Ez ¼ 0
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gIII ¼ aIII þ jbIII ¼
1

D
arcoshð�3þ 2

ffiffiffi
2

p
þ 2ð

ffiffiffi
2

p
� 2Þ cosðDk0ÞÞ ð14Þ

gIV ¼ aIV þ jbIV ¼
1

D
arcoshð�3� 2

ffiffiffi
2

p
� 2ð

ffiffiffi
2

p
þ 2Þ cosðDk0ÞÞ ð15Þ

where D denotes the node dimension, and the eigenvectors (of the form ðvÞ ¼ fðV1Þ; ðV2Þ; ðV3Þ;
ðV4Þg; see Figure 3)

ðvIÞ ¼ fð0Þ; ð�1�
ffiffiffi
2

p
Þ; ð0Þ; ð1Þg ð16Þ

ðvIIÞ ¼ fð0Þ; ð
ffiffiffi
2

p
� 1Þ; ð0Þ; ð1Þg ð17Þ

ðvIIIÞ ¼ fð1�
ffiffiffi
2

p
Þ; ð0Þ; ð1Þ; ð0Þg ð18Þ

ðvIVÞ ¼ fð1þ
ffiffiffi
2

p
Þ; ð0Þ; ð1Þ; ð0Þg ð19Þ

Because the total link-line voltages (which are elements of the eigenvectors) are proportional
to the transverse electric field components of the respective polarizations, ðvIÞ and ðvIIÞ are found
to describe the exact field magnitudes of the TE30 and TE10 modes, respectively, whereas ðvIIIÞ
and ðvIVÞ are found to represent non-physical solutions.

When considering the properties of the arcoshð. . .Þ function as in Equations (12)–(15), it is
found that an evanescent mode solution corresponds to coshðgDÞ > 1; cut-off occurs at
coshðgDÞ ¼ 1; a propagating mode solution has þ1 > coshðgDÞ > �1; and solutions with
coshðgDÞ4� 1 are non-physical. Thus, propagating solutions may be either physical or non-
physical. To become clear, Figure 4 shows a and b over normalized frequency. Note that a
maximum frequency is given as fmax ¼ c=2D; where all propagating modes have the same
wavenumber of b ¼ p=D:Here, the node dimension equals half a wavelength. At reasonably low
frequencies (approx. f5c=4DÞ; the non-physical propagating mode (III) is faster than the speed
of light and can be crossed out. For inhomogeneous waveguides involving dielectrics, this
frequency limit lowers. The propagation modes, either physical and non-physical, carry real power.
Experience shows, however, that the scattering between them is zero (within numerical limits),
that is, a three-dimensional structure does not couple between physical and non-physical fields.

Figure 3. Rectangular waveguide cross section discretized with two FDTLM nodes (symmetry applied).
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6. ACCURACY AND CONVERGENCE OF THE SOLUTIONS

By keeping the node aspect ratios in a mesh constant and increasing the resolution of the mesh,
the accuracy of the FDTLM solution will be enhanced. The increase of the accuracy is of second
order for propagating waves and of first order for evanescent fields. Two examples will illustrate
this.

Consider a cavity resonance problem, for example, a cubic cavity and the cut-off frequencies
of a rectangular waveguide (without the use of symmetry planes). Figure 5 shows the decrease of
error with decrease of mesh period for the fundamental cavity resonance as well as TE11 and
TE21 mode cut-off frequencies. A division of the mesh period by two results in an error
magnitude divided by four, showing clearly second order accuracy.

Figure 4. Phase constant b (top) and attenuation constant a (bottom) of the four eigensolutions
(Equations (12)–(15)) as a function of normalized frequency. The dashed line describes the wavenumber of

a plane wave in free space.

Figure 5. Quadratic increase of the accuracy versus mesh density shown for cubic resonator TE110

resonance (23; 33; 43; 53; and 63 cubic nodes, respectively) and rectangular waveguide TE11 and TE21 cut-
offs (2� 1; 4� 2; 8� 4; and 16� 8 cubic nodes, respectively).
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Consider next a double-post waveguide resonator band-pass filter as shown in Figure 6. This
structure shows both propagating wave sections (the cavity) and evanescent field sections
(the vicinity of the post wedges). An accurate reference solution was obtained using a
mode-matching approach (pass-band frequency 9136 MHz). A very rough FDTLM mesh of
30 nodes (Figure 6, right) is found to result in an frequency error of �1:50%: Dividing the
node size by two gives an error of �0:54%; an additional node size reduction by a factor of
two results in �0:20% error of the frequency. Thus, this structure shows an increase of
accuracy of order 1.45 when refining the mesh period. This is consistent with the observation
reported in Reference [19], showing an accuracy increase of only first order in the vicinity of a
metallic fin.

7. CONCLUSION

The numerical dispersion of various FDTLM nodes has been evaluated and compared, in part
analytically, for both cubic and non-cubic nodes, in loss-free and lossy media. The so-called
propagation constant node [11,12] was found to show superior accuracy compared to other
nodes.

Non-physical solutions have been found in the analysis of resonators and waveguides. It was
shown how these solutions can be identified.

The accuracy of the resonance frequency of a cavity without field singularities was
found to increase with second order. However, a waveguide filter response was found to
converge only by an order of 1.45, which was due to the field singularities in the computational
domain.

Figure 6. Left: Drawing of the single resonator waveguide filter. Right: Rough mesh of 30
FDTLM nodes (waveguide width 2 mm� 11:43 mm; overall length 33:43 mm; cavity length

22 mm; post 5:715 mm� 2:8575 mm).
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